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Using cell potential energy to model the dynamics of adhesive biological cells
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Developing a continuous mathematical model of a physical phenomenon which is based on a discrete model
of the same system is not straightforward. Yet such a process is useful in illustrating the link between the
individual behavior of the elements comprising a system and its macroscopic behavior. Collections of biologi-
cal cells can exhibit phenomena such as pattern formation, aggregation, and invasion, and mathematics has
proven useful in elucidating the underlying dynamics of these phenomena. The continuous models formulated
are frequently of reaction-diffusion form, and central to their application is a knowledge of the diffusion
coefficient of a collection of the elements comprising the system. Cohen and Murriath Biol. 12, 237
(1981)] developed a means of deriving this quantity which has since been largely neglected by model devel-
opers, and which is based on a knowledge of the potential energy associated with the mutual interaction
between the cells. In this work, we begin by deriving the energy of interaction of biological cells modeled as
adhesive, deformable spheres. In so doing, we are able to quantify the equilibrium density of a biological cell
aggregate, and also obtain a quantitative estimate of the diffusion coefficient of a collection of cells modeled
in this way. In so doing, we are able to use experimental data from single-cell studies of the adhesiveness and
cell membrane elasticity of a biological cell to derive the diffusion coefficient of a cell mass composed of a
collection of identical cells. This allows us to better inform the parameter values used in reaction-diffusion
models of biological systems. We go on to apply this technique to a particular situation: modeling the dynamics
of a collection of biological cells which experience strong cell-cell adhesion. In so doing, we derive a nonlinear
fourth-order partial differential equation to model this system. We conclude by discussing the practical utility
of this work in illuminating the link between the microscopic behavior of individual biological cells and the
macroscopic behavior of the aggregate to which they give rise, and also by giving some insights into how the
modeling of cell-cell adhesion may be treated mathematically.
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[. INTRODUCTION biological cells are modeled using a reaction-diffusion equa-
) ) .. tion such as the Fisher equation,
Mathematical modeling has produced a wealth of insight
into the dynamics of biological phenomena, such as embryo- an 9 an n
genesis[2,3], tumor growth[4-10], population dynamics ot = 5([D(n)&} + rn(l _R> (1)

[11-13, and pattern formatiof14—18. These models can
be continuougformulated as sets of partial differential equa-

. : 179” where the first term on the right quantifies the motility of the
tions), discrete(where the elements are modeled as indi- gntq y

) . . . . . cells, and the second their growth kinetics. In this case the
vidual points moving on a lattige or hybrid (a mixture of |, sistic growth term is used. However, cell kinetics can be

the previ(;us twi Ob\llié)US'y, if Wﬁ afrehmodql;"ng the sdarFe described in a variety of ways which are related to the com-
system, then we would expect all of the ditterent modelingyiiion which exists between proliferation and its inhibition

strategies to produpe the same qualitative results. Howeve(ljUe to both physiological and environmental factf2s],

the process of basing a continuous model of a syimm_ The parameters andK determine the growth rate and equi-
sum.ed'tq apply at length scale's'mu.ch greatgr than the size rium density of the cell mass. Clearly, an approach to
the individual elements comprising itpon a discrete model ,4ejing 4 biophysical system which allows us to take
describing the same system has proven to be mathematlcaléyngle_ce” experimental data and use them to obtain the

problematic, ~although there have been attempts,, iinrium density and diffusivity of a collection of such
[12’1955'3,6’20’2]1 ke th K of Coh q cells would be useful to have, since it would allow us to
In this paper, we take the work of Cohen and Murf&y 516 accurately obtain these parameters for use in reaction-

and Murray[22] and use it to make a contribution to this it sjon models. This is what the cell potential energy ap-
guestion. These workers demonstrated that, by formulating Broach can yield.

“potential energy of interaction” between the elements com-
prising the system, one may obtain an estimate both of th
particles’ diffusion coefficent as well as the equilibrium den-
sity of the system. Frequently collections of motile, reactive

Although this method of determining equilibrium density
&nd diffusivity is novel in the biological context, it already
has a long history of usefulness in the context of condensed
matter theory. The processes of nucleation and condensation
[24], phase separatiofi25], and spinodal decomposition
[26,27] are modeled using an energy minimization approach
*Email address: stephen@ma.hw.ac.uk such as that which we will describe here. These previous
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studies have relevance to biology: in the process of, for ex- ®=-DV un, (4)
ample, skeletal condensation in embryogendgs8,29, . _ ) _
evolving cells become increasingly adhesive over time giv_wherel_D is a proportionality constant. Conservation of mass
ing rise to the formation of increasingly dense cellular aggrefnen gives us
gates which then differentiate into cartilage to form the pre- an
cursor of the neonatal skeleton. Conversely, in oncology, it is —==-V . ®=V [DV u(n)]. (5)
known that as malignant cells mutate over time they become Jt
less and less adhesive, and hence more likely to break frafle may, therefore, write
from their neighbors and invade healthy tis$36]. 5

We begin in Sec. Il by describing the mathematical back- N N
ground to the cell potential energy approach, and then con- D(m=D an De'(n) ©)
sidering how we may apply it to aggregates of biological
cells. We make reference to the previous work of the authoP€NCe
[6,31] in which the extended Potts modgln energy mini- an
mization techniquewas usefully applied to the study of ad- S V[a(n) Vn], (7)
hesive cell aggregates in the context of modeling malignant
tumors. On the basis of this previous work, we explain howwhere a(n)=D"(n) is a density-dependent diffusion coeffi-
we may obtain an energy per unit length associated witftient. Cohen and Murrajyl] state that the energy density for
adhesion, and an energy term to quantify the elastic potentiagln ensemble of noninteracting particles has the form
energy of the cell membrane. We go on to argue that the
continuous equivalent to modeling biological cells in the e(n):}anz ®)
manner of the Potts model would be to approximate them as 2
being adhesive, elastic spheres. On this basis, we obtain %2

expression for the energy of interaction between neighborin re.?ult which can b(ra]_denved *fr_orTE) Kinetic theory ?jng the
cells. In Sec. lll, we present results in which we have deteridW O mass action in this casep’ =aD, a constant, and Eq.

mined quantitatively the equilibrium density of a cell aggre_(7) becomes the familiar form of the diffusion equation with

gate in which the cells have been modeled in this way, angonstant diffusion coefficient

we use Cohen and Murray’s approach to obtain quantitative an

estimates of the diffusion coefficient of a collection of such —=D"Vn. 9
cells. In Sec. IV, we apply this technique to the modeling of at

a particular physical system: the dynamics of a collection of The most important assumption in this derivation is that
biological cells in which cell-cell adhesion is particularly the energy density can be given by H8), which applies
significant. In so doing, we derive a fourth-order partial dif- only to the noninteracting “ideal gas” situation. The most
ferential equation to describe this system. We conclude imbvious point for us to begin, therefore, is to develop energy

Sec. V with a discussion of the utility of this approach.  terms associated with cell-cell and cell-medium adhesiveness
as well as cell membrane elasticity, and use these to develop

1I. THE MODEL: CELL POTENTIAL ENERGY AND a term for the energy denSity which is more general than the
DIEEUSIVITY ideal-gas approximation, and which takes into account adhe-

sive interactions between the cells as well as the cell mem-
If we consider a collection of particles described by thebrane elasticity.
density fieldn(x,t), then the total energy of the system is  The extended Potts model has been usefully applied to the
defined to be the integral of the energy density taken over theimulation of tumor growth and invasidd4,6,31, and uses
domain, an energy-minimization technique for biological cells mod-
eled as discrete entities. In this model—which takes place on
a square lattice—adjacent lattice points which have been
given the same labet are defined to lie in the same biologi-
cal cell; see Fig. 1. Since the simulated cells are spatially
The chemical potentigl of a physical system is defined to extended, we are able to model accurately the adhesive en-
be the change in the ener@n) of the system caused by a ergy per unit length of cell surface, as well as the elastic
change in particle number, energy of the cell membrane. In our previous work, the en-
ergy associated with cell-cell adhesion is defined through an
. energy per unit lengtli.., whereas that associated with cell-
K=" "¢ (n). () medium adhesion is defined througf, The energy associ-
ated with the cell membrane elasticity is defined toNoe,,
Physical systems tend to reconfigure themselves such thatv7)?, whereX is defined to be the coefficient of elasticity
their energy is minimized. Fick's law describes the move-associated with the cell membrane, awdis the relaxation
ment of particles during this reconfiguration, and states thatolume of the cell. By randomly selecting a lattice point,
the flux of particles in a spatially inhomogeneous system isopying the parameters for it into a neighbor which does not
proportional to the gradient of the potential energy, lie within the same cell, applying the tsdroPoOLISalgorithm,

E:f e(n)dx. (2
v
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FIG. 1. How biological cells are simulated as being spatially

extended entities in the Potts model. Neighboring lattice points with
the same label are defined to lie within the same cell. Cells interact
with the medium and their neighbors through adhesion, modeled a:
the energy per unit length of cell perimeter associated with the R R
interaction. Changes in cell perimeter and volume give rise to de-
formation of the cell membrane, which is an elastic medium and hag = @ ommof 00 L
a mechanical energy of deformation associated with it. The systen
is evolved using a Monte Carlo simulation, and approaches the
cellular configuration associated with the system’s energy
minimum.

cC

and iterating, we are able to track the evolution of the system
as it approaches its energy minimum. In this way, we are <
able to model the phenomenon of differential adhesion-
driven sorting of motile biological cells, and we concentrated
specifically on tumor growth. For further details, we refer the
reader to our previous woill6].
Since the Potts model simulation takes place on a squar: 20
lattice, the cells have an appearance which reflects the geon
etry of the square lattice. However, in the limit where the
distance between lattice points tends to zero, the cell surfac
would become increasingly smooth and the discrete nature o
the grid would become less and less apparent. In the Iimi_t,g ) AV=R 2(9_ L gin26)
then, the cells would have a smooth surface. Isolated cells ir
an adhesive medium tend to be approximately spherical— FiG. 2. If we model the cells as being deformable elastic

and in the case of malignant cells, this spherical geometr¥pheres, then at high density they will be compressed to an equilib-
becomes increasingly apparent as the cells continue to myum density dependent on the relative strengths of the coefficients
tate. To a first approximation, therefore, in our continuousof adhesiveness and elasticity. When cells come into contact, there
model we define the cells to be spherical and we work outs a change in the length of cell membrane which is in contact with
the energy of adhesion and elasticity on this basis. the medium and with other cells, and there is also a change in
Consider the cell mass illustrated in Fig. 2, in which thevolume, as illustrated. We can relate these changes to the intercel-
cells have been modeled as adhesive, elastic spheres. In &nar spacingr and, by regarding the intercellular spacing as being
riving at this configuration from complete separati@=0),  proportional to the reciprocal of the density, we can work &,
there has been an increase in cell-cell contacklof, and a  Alem @ndAV as functions of.
reduction of cell-medium contact dfL.,, The potential en-
ergy of a single cell at this intercellular separatioreglect-  sion is the potential energy of a single cell in contact with its

ing the random motility for nowis given by neighbors in the square configuration illustrated in Fig. 2.
) The energy density of an ensemble of particles interacting in
€= JeALee — JemALem+ MAV)?, 10 this way will be given by the single cell energy multiplied by

where theAL’s are the change in the length of cell-cell or the number of particles per unit volume,

cell-medium contact in arriving at this density from complete —he = _ 2

separation, and the other terms are the same as defined for &) =ne; = NlJecAL e~ JomALemt MAV)T. (11)
the Potts mode{J.. is the energy per unit length of cell-cell For completeness, we add in the energy term from (By.
contact, J., is the energy per unit length of cell-medium and using Eq(11) we see that the total energy density of the
contact, and\ is the cell membrane elasticjtyThis expres- system is given by
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1 80 T T T
e(n) = Eanz + n[‘]ccALcc —JemALemt )\(AV)Z]- (12 70

If we examine Fig. 2, we see that simple geometry gives 50 |
us 40 +

AL..=8Rsiné, (13

ALy =8RG0, (14)

Energy density e(n)

and

1
AV= 4R2( 0- Esin 29) , (15) 30|

where -50 |

-60 : ' '
r 0.16 0.18 0.20 0.22
— =1
6=cos <2R> . (16) Density n

If we take the density to be proportional to the reciprocal FIG. 3. The change in the energy density as the strength of
of the intercellular spacing, cell-cell adhesion is changed: 1, strong cell-cell adhesion; 6, weak
cell-cell adhesion. As we can see, the location of the energy mini-
mum decreases as this strength is reduced until the energy mini-
mum disappears wheh,=J... Notice also that when cell-cell ad-

) hesion is weaker than cell-medium adhesion, the minimum
wherex is a constant, then we can write disappears, corresponding to it being energetically unfavorable for
the cells to aggregate at ala=0, A\=2, R=3, x=1 throughout. 1,
9= COS—1<L) , (18)  Jem=20,36c=1; 2, Jgn=20, Joc=5; 3, Jom=20, Joc=10; 4, Jey=20,
2Rn Jee=15; 5,3em=20, J=20; 6,J.1,=20, J=25]

n=-—, (17)

K
r

therefore effect for high density. In addition, experimental evidence
1 1 2 concerning the behavior of cell masses sorting under the in-
e(n)==ar’ + SH{RJCcSi” 0-RI.0+ 2R4)\(6— Zsin 29) } fluence of differential adhesion indicates that the effect of
2 2 random motility is minor[32]. It seems a reasonable ap-
(19) proximation, therefore, to neglect the effect of random mo-
) ) - ) tility for adhesive cells in close contact. This is the reason for
This expression quanuf!es the energy density of ceII.sOur settinga=0 for n>n,,;, wheren.;, is the density at
modeled in the way described. We now present results igynich the cells just begin to toudlon average
which we have shown how this expression—containing pa-  as we can see from Fig. 3, when cell-cell adhesiveness is

rameters for single-cell adhesiveness and elasticity—can bgyonger than cell-medium adhesiveness, there is a local
used to derive the macroscopic equilibrium density and d'f'equilibrium at high density, and this is the density to which

fusion coefficient of a collection of these cells. the system would relax. Notice that as the strength of cell-
cell adhesivenesgelative to cell-medium adhesivengss
Ill. RESULTS increased, this minimum moves to higher density, corre-

sponding to closer packing of the cef{s we would expett

It will be remembered from our discussion in Sec. | that

Our interest is in the situation where cells are closelythe spatially homogeneous equilibrium density of a cell mass
packed and adhesive. Figure 3 illustrates the form of thenodeled by the Fisher equation is defined by the carrying
energy densitye(n) against densityr for varying values of  capacityK in Eq. (1). This parameter is usually thought to be
cell-cell and cell-medium adhesiveness, where we have seletermined by considerations such as nutrient and oxygen
a=0. The range oh considered begins at=1/2R, whereR  availability[8,33]. In previous studies of the Fisher equation,
is the radius of one cellset to three units in our stuglyand it has always been implicitly assumed that cell-cell adhesive-
corresponds to the average density at which neighboringess is insufficiently strong to cause aggregation to occur,
cells would just begin to touch, and, therefore, aggregate iaind that the equilibrium density of the cell mass is deter-
they are sufficiently adhesive. As we mentioned earlier, Egmined by these environmental factors. This is appropriate for
(8) applies only to the ideal gas approximation, correspondbiological cell aggregates in which cell-cell adhesion is weak
ing to a collection of particles interacting only through col- (e.g., aggressive malignancig30]). However, it is not ap-
lisions with each other. In the situation which we are describpropriate for the situation where cell-cell adhesion is strong:
ing, this approximation is not appropriate as the cells havéor example, benign tumors, or embryological aggregates
strong cell-cell and cell-medium adhesiveness; in additionwhere progressive cell differentiation is accompanied by in-
the membranes are elastic, which gives rise to a repulsivereased expression of cell surface adhesion mole¢@&s

A. Equilibrium density and carrying capacity
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In these latter scenarios, it may well be the case that th 10 ‘ - T -
carrying capacity is higher than the actual equilibrium den- |
sity of the cell mass. Conversely, if the capacity of the envi-
ronment to support cells is lower than the equilibrium den- 8}
sity given from the analysis iIIustratec_j in Fig. 3, then it | Jeel, Jem10
would be the case that cells would die through a lack of |
nourishment until the local density reduced sufficiently. ¢ |
Hence, when modeling cell masses in which adhesiveness§
a significant factor, it is insufficient to determikesimply by 2 5

considering only the implications of nutrient and oxygenE

availability. Taking these other factors into account would

allow the development of more accurate reaction-diffusior 3

models of these phenomena. ol Jee=5, Jem=10 ]
B. The diffusion coefficient T | 1
. . . . . 0 L 1 1 1
Frpm our derlvatpn in Sec. I, recall that .the.d|ffu5|on 016 018 0.20 022
coefficient is proportional to the second derivative of the Density n

energy density—see E(p). By taking two sets of parameter

values, we evaluated the second derivative numerically to FIG. 4. The diffusion coefficienD vs density for two values of
obtain the profiles illustrated in Fig. 4. In so doing, we ob-the adhesiveness coefficients, illustrating the second derivative of
tained a diffusion coefficier®” which depends on both cell the energy density for two cases where cell-cell adhesion is stronger
density and the microscopic parameters of the Potts modethan cell-medium adhesidi@and, hence, aggregation will ocgum

We see thaD" increases with cell-cell adhesiveness in thekeeping with Eq.(3), these curves correspond to the diffusion co-
situation where aggregation can occur: this is due to rapigfficient of the systenidefined by Eq(6)], which is in turn depen-
viscoelastic relaxation effects when cells are undergoing?jem on density, adhesiveness, and cell membrane elastici*ty. The
strongly attractive interactions with each other. If we recalll€ftmost dashed vertical line denotes the valuencit which D

the usual relationship between the fidx the diffusion co- diverges. At the left of the graph—at densities close to the region in
efficientD, and the density gradie™n which the cells are touching, but only jusB> is large. In the
' ' region enclosed by the dashed vertical lines, the fact that there is a

d=-DVhn, (20) distribution in cell size and shape has to be taken into account, as do
. ) o . ) the random fluctuations of the cell membrane. By using experimen-
we see that the diffusion coefficient is proportional to they evidence for the amplitude of these fluctuations, we estimate the
ratio between the flux of particles and the density gradientyinimum surface area of contact required before the cells can begin
Close to the spatial separation at which two cells are veryo relax towards their equilibrium separation: this is denoted in the
close to each other, a tiny change in their separation causingure by the rightmost vertical dashed line. We expect the flux of
them to touch may give rise to a large change in flux, resultcells to be particularly high around this region, and the velocity of
ing in a large value oD at these separations. their movement towards each other to be particularly rapid. This
Notice the divergence of the second derivative as the cellsan be understood by realizing that deviations from equilibrium will
separate from each othgre., =0 in Eqg. (18)] and n be smoothed out through a viscoelastic relaxation which will occur
—(k/2R)*=0.166. This is not an artefact of the numerical at a rate far greater than that of passive diffusion. Notice also that,
differentiation. It is a consequence of the assumption ofrround the same region of densify; is greater for the case of
spherical symmetry, and of us concentrating on the energ§trongest cell-cell adhesiveness. Thi_s is be_cau_se the gradient of the
change associated with two cells coming together rather thaptential energycorresponding to thérst derivative of the energy
that associated with a large number of cells with a distribudensity, see Eq3)] is greater for strong adhesiveness, as can be
tion of sizes and separations. In order to demonstrate that thR€en from an inspection of the curves in Fig. 3. Conversely, at high
divergence comes from the modeling and not the numericdf€nsity: strongly adhesive cells have a lovir and, hence, will -
differentiation, we have evaluated the second derivative of'°V¢ Mor€ slowly for the same energy gradient compared with

e cnergy densty analyiclly.and shoun tat t verges ol Y1 VEdker adhesor, e s wecass devtons o et
n— («/2R)*=0.166" this derivation is given in Appendix A. g y

S ) o (i.e., strongly adhesive cells are more difficult to mpv@=0, A
This divergence is not of practical importance, however, forzz’ R=3, k=1 throughou.

several reasons. First, the exact valuenait which the dif-

fusion coefficient diverges would be smoothed out in realitythe divergence mathematically is due to the divergence of the
for several reasons. Consider the particular case wkere  first derivative of cos'(«/2Rn) asn— («/2R), which in turn

and the cell radiuR=3: then the divergence occurs at comes from the assumption that the cells are completely
=1/2R=0.166. In reality, there will be a distribution of val- spherically symmetric. In reality, the cells will have a distri-
ues ofR (of around 10% on either side of this mean due tobution of shapes. Spherical symmetry is a reasonable ap-
variations in osmotic pressure across the cell membraneproximation; however, when two real cells come into contact
which will cause the location of the divergence to bein the manner in which we have modeled here, adhesive
smoothed out over a range of values. Second, the reason feffects at the point of touching may give rise to a rapid rate
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of relaxation towards their equilibrium separation. &Rr-
perimentalresult intended to calculat®” versusn would
result in anintersectionwith the vertical axis in the region of

n=«/(2R) rather than a divergence at it. ® d o
In addition to our assumptions concerning the size and

shape of cells, we must also take into account the random

fluctuations of the cell membrane. These are known collec- , ., .

tively as “membrane ruffling[32,34-38, and are the driv- N e 7 e ’

ing force behind differential adhesion-driven sorting. This
random movement causes cell membranes to attach to and ;g 5. \When there is a spatial inhomogeneity in density
detach from each other over a small surface area and pYlesent, the cells will deviate from their intercellular separation by
away in a random manner. These random movements of the, amounte. By using a Taylor expansion on the resulting pertur-

membrane, caused by the expansion and contraction of thgyion to the homogeneous energy, we can obtain an expression for
microtubules of the cytoskeleton, may pull apart the cellspe energy associated with the perturbation.

when the surface area of contact between them is low.

Hence, even though the cells may be at a distance from each . . .
other correspondingthroughn=1/2r) to a densityhigher (flbnum density would be equivalent t&,D would corre-

than 0.166 in Fig. 4, the cells could detach from each otherSPONd to a density-dependent diffusion coefficient obtained
and there would be no relaxation towards equilibrium.fom the second differential of the energy density, and
Hence, there would be a difference between the valug’of could be obtained either experimentally from measurements
predicted by the model and that which would actually occur©f the cells’ mitotic rate or from clinical data concerning
when the surface area of contact is low. Fortunately, howfumor doubling time. Since highly accurate measurements of
ever, we can use experimental data to quantify this limitaSingle-cell adhesiveness and elasticity can be obtained from
tion. The likelihood of the cells coming together to above&Omic force microscopy measurements, this allows us to
n=1/2R but not relaxing towards equilibrium will be depen- develop reaction-diffusion models of biological cell dynam-
dent on the strength and amplitude of this membrane rufl®S which are informed by more accurate parameter values.

fl?ng, and on 'Fhe strength of cell-cell and ceII-medil_Jm adhe- IV. MODELING THE DYNAMICS OF ADHESIVE

sion. Accordmg to .experlments on .neural rgtmal and BIOLOGICAL CELLS

pigmented retinal chick cells, the amplitude of this random o ) )
movement is at a maximum ef10% of the cell radius when In our derivation of the energy density of the system il-

the cells are suspended in saline, and significantly less wheHstrated in Fig. 2, we assumed that the system was homo-
in an adhesive cellular aggregé8¥,32). Very extensive and geneous; in other words, any spatial variation in density oc-
elegant experimental work investigating the diffusion, defor-curred over a length scale long compared to one cell
mation, and aggregation éfydra cells supports this conclu- diameter. This is a reasonable approximation when we are
sion[38,39. We can understand why the amplitude of thesedealing with cell masses which are strongly adhesive to each
fluctuations goes down with increasing strength of adhesio®ther, as any long-range spatial inhomogeneity in density is
in an aggregate by noting that when the membranes are alikely to be quickly smoothed out through rapid viscoelastic
herent to each other, the “anchoring” effect would reduce théelaxation. However, in the case of some biological situa-
likelihood of the cytoskeleton being able to pull the mem-tions in which the strength of cell-cell adhesion is significant,
brane free from its neighbor; hence, the greater the surfad@ut not so strong as to produce a rapid relaxation to equilib-
area of contact between adhesive cells, the less likely it willium (e.g., malignant cells from low-grade tumpré may
be for the random fluctuations of the membrane to be able tfequently be the case that such relaxation would be slow
pu” the cells apart. If we take a generous estimate of theséue to the reduced Strength of cell-cell adhesion. This would
random fluctuations in the presence of adhesion as beingive rise to variations in density over greater length scales,
around 5% of the cell radius, then the likely range of validity@nd in order for our model to be comprehensive we must
of the model for the set of parameter values used to generatéke into account this situation. In this SeCtion, we model this
Fig. 4 will begin atn=0.175(as illustrated by the rightmost situation, and obtan a nonlinear fourth-order partial differen-
dashed vertical line on the graphVhen the cells have a tial equation to describe it.
surface area of contact corresponding to this density, there Consider Fig. 5, which illustrates a cellular aggregate of
will be little chance of a random fluctuation of the membranethe same type as that at the top of Fig. 2, but in this case the
causing the cells to detach. cells have undergone a deviation from their equilibrium
To summarize, we have shown how the diffusion coeffi-separation. If we recall Eq$13)<(16), then we may write
cient for a mass of interacting cells can be derived from celthe resulting contributions to the energy from cell-cell adhe-
potential energy considerations. We have derived an expre§ion, cell-medium adhesion, and cell membrane elasticity as
sion for the equilibrium energy density of a cell mass, andfollows, where we have used a Taylor expansion truncated at
used this to obtain expressions for the diffusion coefficienecond order,
and the equilibrium density which can be directly related to A _ = 4Rsin g(n) + 2R sin 8(n - €,) + 2R sin 6(n + €,
the Potts model parameters. As we will recall from our dis-
cussion of Eq(1), this would be suffici_ent informa_tion for us _ = 8Rsin (n) + Zsaniz[sin on)], (21)
to be able to set up and solve the Fisher equation: the equi- an
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ALcyn=4RA(r) + 2RO(N + ¢,) + 2ROIN - €,) 60
#6(n s0r ]
—8R6(n)+2R62 ( ) (22) ol ]
L 30} 1
AV = ZR{ o(n) — Esin 20(n)} g 20 + .
+ RZ[ o(n+e,) - Esin 26(n + en)] 5 ol |
1 - -10 ]
+R?| (n-€,) — =sin 26(n - €,)
2 -20 | T
5 1. 30 | 1
= 4R?| 6(n) - =sin 26(n)
2 %% 018 0.20 022
Pon) 1P ' ' si '
+R%& - =—[sin 26(n 23 Density n
{anz zaz[' ()]] (23

FIG. 6. The homogeneous energy density calculated from the
SUbSUtUtmg Egs(21)—~(23) into Eq. (10) and neglecting the  geformable spheres modelashed curve, Eq19)] compared with
€; term, we obtain the following expression for the energy of fitted Landau- -Ginzburg polynomisolid curve in the form of
a smgle cell in the configuration illustrated in the presence ofq. (34). The details of how the fit was conducted is described in
spatial inhomogeneity in density, the text. There is poor agreement far from equilibrium, but for small

_ deviations from equilibrium the error is small. Using a fitted poly-
Cuin) = (hom * en(n), (24) nomial of Landau-Ginzburg type allows us to demonstrate the simi-
where larity between our analysis and previous work on aggregating sys-
tems, and permits the development of a fourth-order PDE to
€1(hom = BRESIN 6(N) — 8RL,60(N) describe our modelFor the homogeneous energy;=5, J.m=20,

1 2 A=2, a=0; fitted resultsA=-92 423,B=60 764 946.
+ 16R4)\{ 6(n) - Esin 20(n)] (25)

and = =-V-® (31
h(n) = ZR{ azz[sm o(n)] - Jcmaza(n) 2R3\ to obtain
x[26(n) - sin 26(n)]< aza(zn ) _ }a—zz[sin 26(n)])} _ % =DV i (32)
an 24n
29 :DVZ(Mhom(n) + d%[nsﬁh(n)]) : (33)

The parameteg, is the change in thécontinuou$ density

field across one intercellular spacinghence, using Eq17)  clearly, taking Eq(33) forward will require some simplifi-

we may write cation. We can gain some insight into how we may do this by
an wl on considering the mathematical analysis of other physical sys-
€ =T Ix =E o) (27) tems which show aggregatide.g., condensing gases, pin-

ning in magnetic materials, and quenching of metal alloys
The energy density of the system in the inhomogenous cag@5-27). In these cases, the homogeneous energy density is
is the energy of a single cell in this configuration multiplied frequently approximated using the “Landau-Ginzburg” form
by the number of cells per unit volume,

_Ar? Bn*
&nn(N) = Neyinky = NElhom + NEAN(N), (28) Bhor(N) = 2 + 4 (34)
and, since the chemical potential which, whenA<0 andB>0, gives rise to a curve in the
d form of the solid line in Fig. 6. We proceed, therefore, by
HMinh = €inn(N) = Mhom+ a][néznh(n)], (290 approximating the energy density of our systétustrated

as the dashed line in Fig,) 6vith a polynomial of Landau-
we can take Eq(29) and substitute it into Fick’s equation  Ginzburg type, and approximatirign) with a linear polyno-

®=-DV (30) mial. The latter assumption is reasonable for deviations
# around equilibrium, as illustrated in Fig. 7: the circles denote
and use the continuity equation the equilibrium density.
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5500 T T T T d 5
Hinn(N) = [AMN = Npyip) + B(N = Npyin) *] + d—n[nen(hln +hy)]
4500
(37
3500 and by substituting this result into E¢33) and using Eq.
(27), we obtain(for the 1D casg
2500 2
= oJn
= — =D—1 A(N— Npin) + B(N = Npyin)®
1500 F?t &XZ{ ( mln) ( mln)
d an
500 + hin+h 38
22 2), >]} 39
-500 In considering this highly nonlinear partial differential equa-
tion (PDE), we now review the established theory relating to
-1500 . L L L condensing systems and investigate how our analysis relates
0.195 0.200 0.205 0.210 0.215

to it.
If a system has spatial inhomogeneities in density, then
FIG. 7. h(n) calculated from Eq(26) plotted against density for Cahn and Hilliard demonstrated that the total energy of the
varying adhesivenesses. The curves are plotted only for a range @onequilibrium system may be written as the following per-
densities close to their equilibrium valu@enoted by the circles on turbation to the equilibrium energy density:
the curveg as we have assumed that the deviation from equilibrium
is not too great. As we can see, for small deviations around equi- _ 2
librium h(n) is approximately lineafA =5, Jo=20 throughout; up- inh(N) f [Enom(n) + k(VN)“Jdx, (39
per (dot-dashed line J..=8; middle (solid) line J..=10; lower .
(dashedl line J,.=12] and, since

n

The manner in which the fitting of the polynomi@4) to u(n) = Z—E (40)
the form of the homogeneous energy density was conducted n
is described in detail in Appendix B. We insisted that thethen
minima of both curves coincidetso that the equilibrium
density was the same in both casasd then selected values _ d
of A andB which minimized the mean error in the difference Hinn() = onT) + E}[k(Vn)z], (41)
between the two curves. The reason for demanding that the
minima of the two curves coincided was because both th#vhere uiny(n) is the chemical potential in the presence of
simulated cells and their real-life counterparts are usuallygpatial inhomogeneity. With this interpretation, the second
found close to their equilibrium densities. More specifically, term on the right quantifies the energy associated with inho-
if we define our fitted polynomial by the function mogeneities in density. By inspection of E487) and (41)
we see that there is a clear relationship between the inhomo-
geneous chemical potential as derived from our deformable
A(N=Ni)® BN = Niyi)* spheres model and that derived from the Cahn-Hilliard equa-
g(n) = + : (35  tion. More specifically, we may writén 1D)

2 4
d an d an
a2 enema] - ZZ ] o
wheren,,, is the minimum value which the density can take n n

while still allowing the cells to be in contact, then the equi- hence we may write

librium valuengq can be evaluated as a function/AfandB,

which can in turn be evaluated through least-squares fitting.
Similarly, in the region around equilibrium as illustrated

in Fig. 7, theh(n) can reasonably be approximated using a_ ) .
linear function By inspection of Eq(39), we see thak is equal to the energy

associated with a squared unit of density gradient—which, in

our analysis, is dependent on density. This is true in general
h(n) = hyn + h,, (36) [40,4]}; howc_ever, Cohen and Murre[y_]. ma.ke_ the simplify-

ing assumption thak is a constant which is independent of

density, and deduce that

K2
k="(hn+hy). (43)

where the coeffic_ienthl and hz.als.,o can be obtained. using inn(M) = o) — KV2n = (An+ Brd) —kV2n,  (44)
least-squares fitting. By substituting E¢86) and (35) into
Eg. (29), we obtain which, using the continuity equation, gives rise to
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an , 4 ) - and that obtained by these previous authors, and concluded
5oV Kinn(N) = —kVn+ AV n+BV®, (45  that a PDE of the forn38) is the most likely way in which
the influence of cell-cell adhesion could be included in a

which in 1D can be written continuous model of cancer invasion.
an In #n an\?
—= D[— k— + (A+3Br?)— + 68n(—> ] . (46) V. DISCUSSION
ot X X X

It has been our objective in this work to form a bridge
If we include a logistical growth terrm[1-(n/K)], then we  between discrete models of biophysical phenomena—the pa-
obtain the following expression to describe the evolution offameters for which involve single-cell measurements—and
the system: continuous models, which require measurements of macro-
scopic quantities such as diffusion coefficient and equilib-

an an 5 N an\2 rium density. By modeling biological cells as being adhesive,
5Dl kﬁ +(A+3Bn )&_Xz + 68”(&) deformable spheres, we have been able to evaluate an energy
density of a collection of such cells, and from this we have
+ rn(l _ ﬂ) (47) been able to work out these macroscopic quantities.
' The expression for equilibrium density which we have

developed determines the carrying capacity for a cell mass in

The above equation has been studied analytically by Cohethe situation where nutrient and oxygen availability is good
and Murray[1], who performed a stability analysis which and cell-cell adhesiveness is strong, as under these circum-
revealed stable solutions fér< 0. Gourlay[42], also adding  stances the equilibrium density will be determined by the
the same growth term, showed that it admits traveling-wavenechanical and adhesive properties of the cells themselves.
solutions. Fourth-order PDE’s similar to E@L7) have been This situation is common in embryological development
used to describe the behavior of aggregation in other phys|28], but would apply also to the proliferating rim of a spher-
cal systems, such as nucleation in metal all®4, spinodal oid close to a major blood vessel, or to a vascularized tumor
decompositio26], ecology and embryology43—45, stria- composed of moderately adhesive cé#lsy., colorectal car-
tions in chemical reaction$46], and in other areas of cinoma[47]). The determination of this equilibrium density
condensed-matter theory. Our work suggests that an equatids of clinical significance, as the density of a tumor deter-
with some aspects of similarity to E@L7) is also appropriate  mines the dosage of radio- or chemotherapy which a patient
to modeling populations of cells with significant cell-cell ad- would require in order to reduce the tumor load. It is known
hesion. experimentally that the adhesive properties of a tumor are

To summarize, in our discussion we have shown how theletermined genetically, and correlate with the expression of
diffusion coefficient for a mass of interacting cells can becell surface moleculesuch as E-cadherinvhich are related
derived from cell potential energy considerations. We haveo cell-cell and cell-medium adhesion. This expression varies
derived an expression for the equilibrium energy density of @&etween tumor types, so the equilibrium density also would
cell mass, and used this to obtain expressions for the diffuvary between types—which is part of the reason why high-
sion coefficient and the equilibrium density which can bedensity solid tumors are more difficult to treat, and have a
directly related to the Potts model parameters. As we willpoorer prognosis. By developing a means of relating together
recall from our discussion of E@l), this would be sufficient the single-cell adhesive characteristics and the macrocopic
information for us to be able to set up and solve the equatiorequilibrium density, we have shed some light on how the
the equilibrium density would be equivalent kgD would  molecular biology of genetic mutation can be related to the
correspond to a density-dependent diffusion coefficient oblarge-scale morphology and density of solid tumors.
tained from the second differential of the energy density, and In deriving an expression for the diffusion coefficient
r could be obtained either experimentally from measurewhich is based on single-cell measurements of adhesion and
ments of the cells’ mitotic rate or from clinical data concern-elasticity, we have also been able to link together the micro-
ing tumor doubling time. We went on to take our deformablescopic and macroscopic behavior of a system. These param-
spheres model and introduced a spatial perturbation to #ters can be evaluated through the process of atomic force
which provided us with a nonlinear equation to describe themicroscopy[48-50, and would allow us to provide more
situation where there are attractive interactions between thaccurate values for the diffusion coefficients of collections of
cells giving rise to spatial heterogeneities over length scalebiological cells, which would in turn result in more accurate
significantly greater than the radius of one cell diameter. Ireaction-diffusion models of these systems. Hence, once
so doing, and applying the simplification that the homoge-again this work can be shown to be useful in linking together
neous energy density associated with our model can be apliscrete and continuous models of a system.
proximated by an energy function of Landau-Ginzburg type, Finally, we were able to relate the cell potential energy
we obtained a highly nonlinear POEg. (38)] which would  approach to the mathematical models used to describe con-
represent a major challenge to solve. We have also been aldensation and aggregation in other physical systems. In so
to relate our work to that of previous authors who have studdoing, we were able to derive a fourth-order partial differen-
ied aggregating and condensing physical systems. We wet&l equation, simplifications of which have been studied ana-
able to show some aspects of similarity between our equatiolytically [1,42,43 and which is likely to provide a compre-
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hensive model of the dynamics of biological cells in which

the strength of cell-cell adhesion is significant.
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APPENDIX A

In order to demonstrate that the divergence of the curveg,gp
in Fig. 4 is a consequence of the model and not the numerical

differentiation, we evaluate here the second derivative of the
energy density analytically, and show that it divergesnas

—0.166.
If we write Eq.(19) in the following form:

e(n) = %an2 +8nZ, (A1)
where
2
= [Rac§in 6-RI0+ 2R4)\< 6- %sin 20) } , (A2)
then
#e(n) PZ
> = 16<—n) +8n<m>. (A3)
It can be shown that
EAC -
on \an +cc0S0 = Rk
+ 4R4)\< 0- %sin 20)(1 - cos 29)] (A4)
and
Pz (aze) [R .
o~ \om? kcCOS ki
+ 4R4)\( 6- %sin 20)(1 - cos 29)}
96\? ,
+ R<%> {— JeSin g+ 4R3)\[(1 - cos ¥)?
. 1.
+2sin 20(0—§sm 20)”. (A5)

We are interested in the behavior of E43) as we approach
n=«/2R from above; hence, we must evaluate the limits
lim

(&Z) RUge=Jdo)d I (‘w> (A6)
g _ im (22
(/2R \ 9N T ezt \ AN

FZ\ _ a29>
() msof )

If we introduce a change of variable

and

lim
n—(k/2R)
(A7)

| S I |
6=cos <2Rn) = cos (9, (A9)
2
on k \dl
and
#0 AR (a6 0
A A e

Our interest is in establishing the behavior of E@sl0) and
(A11) as¢ approaches 1 from below. In the region &1,
we can use the Taylor expansion

a0
0() = 6(1) + (£ - 1)<ﬁ—§> (A12)
and note that
a0 -1
W a-a (AL9
to obtain
e 1/2
o0) = (1 " §> (A14)

for {=1". Using this result, we can show that

(9_0—_ 1/2, 1/ 1
=0 -0 1= -0+ 0
(A15)
and
2
j—f—l[ 1-(1- 0+ A -1+ 02— (1

SOV 3/2}+ L+ -9 @+

+(1-91+97 (A16)

both of which are divergent as— 1~. We conclude from
this, therefore, that the derivatives in E¢A6) and (A7) are

also divergent, and that this result is due to our assumption

that =cos(«x/2Rn), which in turn comes from our assump-
tion of spherical symmetry.
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APPENDIX B
If we define our fitted polynomial by the function

A(n B nmin)2 + B(n B nmin)4
2 4

g(n) = (B1)

wheren,,, is the minimum value which the density can take
while still allowing the cells to be in contact, then the equi-
librium value

g’(neo> = A(neq_ Nimin) + B(neq_ nmin)3 =0. (B2)
Clearly, this equation has a trivial minimum atn,,, and

PHYSICAL REVIEW E 71, 041903(2005

Neq= Nmin + V= A/B. (B4)
Hence, the position of the minimum is determined not by the
absolute values oA andB but by their ratioA/B.

In order to work out the values & and B which mini-
mized the fitting error, we defined a fractional error for each
data point,

:gmgifm) 85)

e()

where g(n;,) is given by Eq.(B1) and e(n;) is the energy

another corresponding to the high-density equilibrium. Subdensity evaluated at; using the deformable spheres model

stituting this value forA which we obtain from this into Eq.
(B1), we obtain

1
g(neq) == ZB(neq_ I’]min)4- (B3)
If we evaluateg(ney) using the deformable spheres model
[using Eq.(19) with suitable parameter valupshen we can

work outB using Eq.(B3) andA using Eq.(B2). Notice that,
from Eq.(B2), the location of the minimum is given by

[see EQ.(19)]. We then selected values &f and B which
kept the ratioA/B the same, but which minimized

A(ni - nmin)2 " B(ni - nmin)4
2 4
e(n;)

—e(n)

(B6)

whereN is the number of data points.
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